







































































== Analysis X 21 ( Countability )=

Lesson 2

COUNTABILITY

2.0 INTRODUCTION :

In this lesson, we study the concepts - finite sets, countable sets and infinite sets. In lesson
1, we have studied the equivalence of sets and this equivalence is an equivalence relation on any
non-empty family of sets (see theorem 1.6.20). We prove some important theorems like - countable
union of countable sets is countable (see theorem 2.1.8).

2.1 COUNTABILITY

2.1.1 Definition : We say that a set Ais
0) finite if A is empty li.e A$#" or A~ J, for some positive integer n.
(i) infinite if A is not finite.

(iii) countable or denumerable or enumerable if A~ J.

(iv) atmost countable if A is finite or countable.

(v) uncountable if A is not atmost countable i.e. A is neither finite nor countable.
2.1.2 Theorem : Any non-empty finite set can be written as gxl,xz, ...... ,xné for some positive

integer N, where X ° Xj whenever i' j.

Proof : Let A be a non-empty finite set. So A~ J,, for some positive integer n. Hence, there is a
bijection f:J,( A. So, AS$TII"$0fli"/i) 3, 6$9%/i) Jné (where fli"$x) =

0%, X9, eemeen ,Xné. Since f isone-one, %' Xj whenever i' j.

2.1.2.1 Note : In view of theorem 2.1.2, if A~ J,, then we say that A contains N elements.

2.1.3 Theorem : Every countable set can be written as

where % ' Xj whenever i' j

Proof : Let A be a countable seti.e. A~ J i.e. there exists a bijection f:J( A. So,
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A$ f1J" (since f is onto)

$Of1i"/i) I
$9x /i) J&
$/X1, X9y ureenneeanana .{S

Since f isone-one, X' Xj wheneveri' j.

2.1.4 Example: Let | be the set of all integers. Define f:J( ! as

*n., .
—if niseven
f!nll$, 2 1

+ it nisodd
2
Infact, f is given by

J:1 2 3 4,56, 7,.....
frl:
1:0,14,-1,2-23,-3....

Clearly, f is abijection. So J~! .Hence ! is countable.
2.1.5 Example : The identity mapping | of the set J of all positive integers is a bijection. So,

J~J i.e. J iscountable.

2.1.6 Lemma:Let A~B

() If A is finite then B is finite and hence both A and B have the same number of
elements (hamely, n elements)

(i) If A is countable, then B is countable.
Proof: (i) Suppose A s finite. So, A~ J,, for some positive integer 'n". Since ~ is an

equivalence relation and A~ B, we have that B~ J,,. So B is finite. In view of

Note 2.1.2.1, both A and B have the same number n of elements.

(i)  Suppose A iscountablei.e. A~ J. Since ~ is an equivalence relation and since
A~ B, we have that B~ J. So, B is countable.
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2.1.7 Theorem : Every subset of a countable set is atmost countable. Infact, every infinite subset
of a countable set is countable.

Proof : Let A be a countable set. By theorem 2.1.3, A can be written as

AS0x, X0, ceeerenns 4

where X ' Xj whenever i ' j.Let B be an infinite subset of A.
Now, we show that B is countable.

Put §$%9n) J/x,) BE.Since B isinfinite, B' #.So0, S #. By the well ordering principle,

S contains least element ry say. Thus, Xy ) B and x,0 B for n2ny.

Put S $ gn) J/Xn) B- anl(Sé . Since B is infinite, B- anlé is infinite and hence S, $#.

By the well ordering principle, S, contains least element n, say. Thus, an) B,m1nyand x,0B
form1lnln,.

After choosing positive integers Ny, No,......, N suchthat m1np 1......... Ing, %, ) Bli$12,....... K"

and x,0 Bfor ;1nlni3;!i$12,....,K-1" we choose Nk 31 as the least element of

(which exists by the well ordering principle).
Thus, we have that B $9xnl, Xy o veeee 5 .Clearly i' j implies " nj (infact j1njifilj)

which implies Xy ' %n.

j - Define g:J ( B by g!i"$xn . Clearly, g is a bijection. So, J~B.

Hence, B is countable.

2.1.8 Theorem : Countable union of countable sets is countable. i.e. If En5n$1' 2 . isasequence
n

of countable sets then S$ " E, is countable.
n$l

Proof : Let QEnén be a sequence of countable sets. By theorem 2.1.3 each E, can be

written as
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where i ' j implies Xn Xn;

2nd arrow
1st arrow /" 3rd arrow

7
E: /{}6 137 cerrnnrnnnrnnnen,
il
25

E2 XQl’ %2 X23l ..................
/ //

E3Z K31 X32r XZZy ceeerreeeeeeen
/

E X X, s Kgr woreesreesseesse
4

we, now write the elements of Eq, Ep,

....... as follows.

Now, the elementsin S$ " E, can be arranged (numbered) as follows :

n$1

1st arrow : X11
(1)1
2nd arrow @ Xo1, X2
B2 @23
3rd arrow : X3, X2, X13
L4 @5 @) 6
Atharrow : X419, X3p, Xo3, X4

M7 @8 (3)9 (410

li3j-1"th arrow : X3j-11
(1) #31 (2) #32

Xi3j-22 ........................ )(|J ........

1i3|"#3i3
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Where # = The number of all elements in the first i 3 j - 2" rows (irrespective of repetetions
of Xyns.

$1323......... 3ligj-2"

ligj-2"1i3j-1"
g3 j
2
lizj-2"1i3j-1"

In this process, the element Xjj will be given the positive integer 5 j

Clearly,

(2) K™ arrow contains K elements;

uth

2) Xj lies in the li3j-1"" arrow- as jth element.

Clearly, each E, contains distinct elements. But, two distinct E,s may have a common

element. On ommitting the repetetion - 'S of Xj S in S along with the positive integers associated

with them, we get a subset T of positive integers such that S~T . By Theorem 2.1.7, T is
countable. By Lemma 2.1.6(ii), S is countable.

2.1.8.1 Corollary : Suppose A is atmost countable and for each 5) A, Ez is atmost countable,
put

S$ " Es
5 A

Then, S is atmost countable.

Proof : Since A is atmost countable, either A$J,,, for some positive integer n or A$J. When

A$J,,, we can take 9E5<§5) A as

0565

When A$J, we can take 9E5é5) A as
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0E;& $ 9B, Epyneeennee. £

By Theorem 2.1.8, there exists a subset T of positive integers such that S~T . Since T

is atmost countable, S is atmost countable (by Lemma 2.1.6.)
2.1.9Theorem:If A, Ao, , A, are countable setsthen A/ 6 A, 6 ............ 6 A, is countable.

Proof : We prove this by induction on 'n'. To each positive integer n, write

pIn":If A, A, , A, are countable sets then A/ 6 A 6 ............ 6 A, is countable.
Truth of P!1" : Clear
Truth of P!2" : Suppose A and B are countable. So, we can write

A$%y, ag, e & and

4
Clearly, A6B $ " E
i$1

Where E $%366B!i$1, 2,......... "

Clearly, for each i, E ~B and hence E; is countable (by Lemma 2.1.6 (ii)). By theorem

2.1.8, A6 B is countable.

Truth of PIn" 7 Truth of PIn31" : Assume that P!In" is true. Let A, Ao, ........ An31 be

countable sets. Since P!In" is true, A6A;.......... 6 A, $ B, is countable. Clearly,

A6A..... 6 Ay31~B6A31.

Since P12" is true, B,6A,31 is countable. By Lemma 2.1.6(ii) A6 A, 6885A, 3, is

countable i.e. PIn31" is true.

Hence, by the principle of mathematical induction, P!n" is true for all positive integers n.
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2.1.9.1 Corollary: Let A be a countable set. For any positive integer N, A"$ A6 A6.............. 6A
(n -times) = The set of all n-tuples of elements of A is countable.

Proof : Exercise

2.1.9.2 Corollary : The set Q of all rationals is countable.

Proof : From example 2.1.4,the set | of all integers is countable. By theorem 2.1.7, ! i $! -%&
is countable. By Theorem 2.1.9, ! 6! " is countable. Define f:! 6! ( Qby f!lmn"$ %
Clearly, f is onto (by the definition of rational number). By theorem 1.6.16, there exists a 1- 1

function. g:Q( ! 6! . So, Q~g!Q". Since g!Q" is an infinite subset of the countable set

I 619 g!Q" is countable (by Theorem 2.1.7) and hence Q is countable.
Now, we recall the definition of a sequence (see Definition 1.6.22)

2.1.10 Definition : By a sequence in aset A, we mean any function f:J( A

2.1.10.1 Note: Let f be asequencein A.So, f:J( A. Weknowthat f is completely given

by specifying the images of elements of J. Let f !i"$xi . We can represent f by

2.1.11 Theorem : Let A be the set of all sequences of the digits Os and 1s. Then A is uncountable.

Proof : Suppose A is countable. So, we can write

A$YX, X0, &

where X * Xj whenever i ' j. Since each X is a sequence of Os and 1s we can write
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of Os and 1s suchthat & ' X foralli. Clearly, @) A and a' x forall i, a contradiction.

So, A is countable.

2.1.12 Definition : Let a,b) R be suchthat alb. The set

la, b" $9x) R/alx1hbé

is called a segment (or finite open interval) in the real line.
2.1.13 Theorem : The segment (0, 1) is uncountable.

Proof : The proof of this theorem is almost on the similar lines of that of theorem 2.1.11.

Assume (0, 1) is uncountable. By theorem 2.1.3, we can write 10,1" $ 9%, Xo,.cecovrvurrenee &,
where %' Xj whenever i" J.Now, we will write decimal representation for X;, Xo,........ as given
below.

X1$08(11 X12 ....................

where each Xj is one of the digits 0, 1, 2, .......... , 9.

Take a$08a ay ag...............
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where @, 8,...c..... are digits such that g ' x; foralli.Clearly, a) !0,1" and a' x; for i,
a contradiction. Hence, !10,1" is uncountable.

2.1.13.1 Note: The idea of the proofs of theorems 2.1.11 and 2.1.13 was first used by Cantor and
is called Cantor's diagonal process.

2.2 SHORT ANSWER QUESTIONS :

2.2.1: Define a countable set.
2.2.2 : Prove that the set of all even integers is countable.
2.2.3 : Prove that the set of all odd integers is countable.

2.2.4 : Define a sequence.

2.3 MODEL EXAMINATION QUESTIONS :

2.3.1: Define countable set and prove that the set of all integers is countable.
2.3.2: Prove that the countable union of countable sets is countable.

2.3.3 : Prove that every countable set is equal to a proper subset of itself.
2.3.4:1f f:X ( Y isontoand Y is countbale, prove that X is countable.

2.3.5 : Prove that the set of all sequences of the digits 0 and 1 is uncountable.

2.3.6 : Prove that the set of all rational numbers is countable.

2.3.7:1f A and B are countable sets, prove that A6 B is countable.

2.4 EXERCISES :

2.4.1: Let a,b) R be such that g1b. Prove that the interval !a,b"$9x) R/alx1bé is
uncountable.

X- a
(Hint : The mapping X% b-a la,b"( 10,1" is a bijection)

24.2: Let f:A( B.(i)If B iscountableand f is1 -1, provethat A is atmost countable

(i) If A is countable and f is onto, prove that B is atmost countable.

(Hint: () A~flA" flA": B.Usetheorem2.1.7 and Lemma 2.1.6.
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(i) Use theorems 1.6.16, 2.1.7)
2.4.3: (i) Prove that every superset of an uncountable set is uncountable

(i) Show that the set R of all reals is uncountable.
(Hint : Use theorem 2.1.13 and (i))
(i) Prove that the set of all irrational numbers is uncountable.
2.4.4 : Prove that countable union of countable sets is countable.
2.4.5: Prove Corollary 2.1.9.1.

2.5 ANSWERS TO SHORT ANSWER QUESTIONS :
2.2.1: See definition 2.1.1 (iii)

2.2.2: Define f:J( E,where E isthe set of all even integers by

J:1 2 3 4 5 6 AT
Lol
E: 0 2

y "$.*m if niseven
ie. Tin " .
- 4 In-1"if nisodd

Clearly, f is a bijection. So, J ~ E. Hence E is countable.

2.2.3: Define f:J( O, where O is the set of all odd integers by

J 1 2 3 4 5 6.
]
O:1-1 3 -3 5 B
n if nisodd
i.e.f!n"$i

% In-1"if niseven

Clearly, f is a bijection. So, J ~ Q. Hence O is countable.
2.2.4: See definition 2.1.10

2.6 REFERENCE BOOK :

Principles of Mathematical Analysis, Third Edition, Mc Graw - Hill International Editions :

Walter Rudin.
Lesson writer ;

Prof. P. Ranga Rao






































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































